The Lagrange-mesh method has the simplicity of a calculation on a mesh and can have the accuracy of a variational method. It is applied to the study of a confined helium atom. Two types of confinement are considered. Soft confinements by potentials are studied in perimetric coordinates. Hard confinement in impenetrable spherical cavities is studied in a system of rescaled perimetric coordinates varying in [0,1] intervals. Energies and mean values of the distances between electrons and between an electron and the helium nucleus are calculated. A high accuracy of 11 to 15 significant figures is obtained with small computing times. Pressures acting on the confined atom are also computed. For sphere radii smaller than 1, their relative accuracies are better than 10 −10 . For larger radii up to 10, they progressively decrease to 10 −3 , still improving the best literature results.
Introduction
Many numerical techniques exist for quantum-mechanical calculations in configuration space. Among them, two main qualities may be searched: accuracy and simplicity. However, they are not often encountered simultaneously. For some problems, the Lagrange-mesh method has the accuracy of a variational method and the simplicity of a calculation on a mesh [1, 2, 3, 4, 5] . This approximate variational method involves a basis of Lagrange functions, i.e. infinitely differentiable functions vanishing at all mesh points of a Gauss quadrature, except one. With the help of the associated Gauss quadrature, all matrix elements are very simple. In particular, the matrix elements of the potential are approximated by values of the potential at mesh points like in collocation methods.
The striking property of the Lagrange-mesh method is that, in spite of its simplicity, it has essentially the same accuracy as a variational calculation performed with the same Lagrange basis. This performance is not well understood yet [3] . However, the accuracy of the method depends on the validity of the Gauss quadrature. Hence, the method can be very bad in the presence of singularities of the potential. This problem can sometimes be cured by a so-called regularization [2, 3, 4, 5] . The method has been successfully applied to many problems in atomic, molecular and nuclear physics (see Ref. [5] for a review). It is particularly useful to solve coupled-channel problems in the continuum [6, 7] or three-body problems [8, 9] .
The aim of the present paper is to apply the Lagrange-mesh method to a threebody problem: a helium atom confined in some environment [10, 11, 12, 13, 14, 15, 16] . The confinement can simulate a helium gas under pressure or helium atoms trapped in some molecule, carbon cluster or crystal. As we show below, existing techniques [17] are very convenient for soft confinements by potentials but can not be applied for an atom confined in an impenetrable spherical cavity. The difficulty arises from simultaneously meeting two different constraints: regularizing the singularities of the three Coulomb terms and forcing the confinement. The former condition is easily treated in perimetric coordinates [18, 19] which automatically regularize the singularities but which necessarily extend over the whole configuration space. Confinement is easily and accurately treated on a Lagrange mesh over a finite interval for hydrogen [20, 5] .
Here we show that a new coordinate system can be built for helium which keeps the regularization of the potential but over an impenetrable spherical cavity.
The principle of the Lagrange-mesh method is recalled in section 2. In section 3, the problem of the confined helium atom is presented. In section 4, the Lagrangemesh method in perimetric coordinates is recalled. A new system of coordinates is introduced in section 5 as well as its Lagrange-mesh implementation. Results for the different types of confinement are discussed on section 6. Concluding remarks are presented in section 7.
Principle of the Lagrange-mesh method
Let us consider N mesh points x i associated with a Gauss-quadrature approximation [21] ,
The weight coefficients λ i are also called Christoffel numbers. Lagrange functions are a set of N orthonormal functions f j (x) associated with this mesh verifying two conditions [1, 4, 5] . (i) They satisfy the Lagrange property
i.e., they vanish at all mesh points, but one.
(ii) The Gauss quadrature is exact for products of two Lagrange functions. Let us consider a particle of mass m in a potential V (x). This basis is used in an approximate variational calculation with the trial function
The matrix elements of potential V (x) are calculated at the Gauss approximation as
because of the Lagrange property (2) . The variational equations then take the form of mesh equations [1, 4, 5 ]
where the exact or approximate matrix elements T ij = f i | − d 2 /dx 2 |f j have simple known expressions as a function of the zeros x i and x j . See Refs. [1, 4, 5] for details.
This simple approximation can be very accurate with small numbers of mesh points when the Gauss approximation is valid for the potential matrix elements, i.e. when the potential and its derivatives have no singularities. In the presence of singularities, the basis can sometimes be regularized by multiplying the Lagrange functions by a convenient factor R(x) [2, 4, 5] ,f
The regularized functionsf j (x) still verify the Lagrange conditions (2) but they are not orthogonal anymore, in general. However, they are still orthogonal at the Gaussquadrature approximation and can still be treated as orthonormal in the Lagrange-mesh method without significant loss of accuracy [3, 5] . Such a regularization is also useful when the particle is confined by an impenetrable wall [20] (see section 5).
Confined helium
We consider a two-electron atom with an infinite-mass nucleus of charge Ze. This nucleus is fixed and the electrons are characterized by coordinates r 1 and r 2 with respect to this nucleus. In atomic unitsh = m e = a 0 = e = 1, where m e is the electron mass and a 0 is the Bohr radius, the Hamiltonian of the helium atom reads
where
and ∆ 1 and ∆ 2 are the Laplacians with respect to r 1 and r 2 . For a free atom, the wave functions of the bound states must vanish at infinity. A confinement can be introduced in the problem either by forcing the wave function into some spherical cavity (hard confinement) or by adding a confining potential to H (soft confinement).
Hard confinement is obtained with the conditions
The wave function ψ(r 1 , r 2 , r 12 ) of an S state must thus verify ψ(R, r 2 , r 12 ) = ψ(r 1 , R, r 12 ) = 0.
Soft confinement can be obtained by adding a potential V conf (r 1 , r 2 ) which tends to a large positive constant or to infinity when r 1 or r 2 tends to infinity. The role of this potential is to reduce the probability density of presence of the electrons at large distances.
Let us start with the soft confinement since it can be treated with the same code as for the free atom with only a tiny modification [17] .
4 Lagrange mesh for soft confinement
Perimetric coordinates
The system of perimetric coordinates [18, 19] is very convenient for Lagrange-mesh calculations of three-body systems because the three dimensioned coordinates are independent from each other and vary from zero to infinity. Moreover, the volume element automatically regularizes the singularities of the three Coulomb potentials [17] .
The perimetric coordinates are composed of three Euler angles and the three coordinates
The volume element of the dimensioned coordinates reads
In perimetric coordinates, the Coulomb potentials become
With the volume element dV , the integrand in matrix elements of this potential is bounded everywhere. Hence the Gauss quadrature and the Lagrange-mesh method are accurate.
The kinetic-energy operator T is rather complicated [22] . It is convenient to write its matrix elements in a symmetric form [23, 17] ,
where (x 1 , x 2 , x 3 ) ≡ (x, y, z). The coefficients A ij are given by
Lagrange mesh and functions
The Lagrange-Laguerre functions are defined as [1] 
where L N (x) is the Laguerre polynomial of degree N and the x i are its zeros,
Notice that the Lagrange functions are linearly independent polynomials of degree N − 1 multiplied by an exponential which is the square root of the Laguerre weight function exp(−x). The basis is thus equivalent, for example, to a basis formed of the Laguerre polynomials of degrees 0 to N − 1 multiplied by exp(−x/2). The functions f j (x) are associated with the Gauss-Laguerre quadrature [21] . They verify the Lagrange conditions (2) and integrals of products of two Lagrange functions are exactly given by the Gauss quadrature since the integrand is the product of the Laguerre weight function exp(−x) by a polynomial of degree 2N − 2 [24] . Functions (16) are exactly orthonormal over (0, ∞).
The first derivative of a one-dimensional Lagrange-Laguerre function at mesh points is given by
for i = j and by
Three-dimensional mesh and basis are obtained as follows. Let x p (p = 1, . . . , N x ), y q (q = 1, . . . , N y ) and z r (r = 1, . . . , N z ) be the zeros of Laguerre polynomials with respective degrees N x , N y and N z . Three-dimensional Lagrange functions F ijk (x, y, z) associated with the mesh (h x x p , h y y q , h z z r ) are defined by
The functions f
are given by expression (16) with N replaced by N x , N y or N z . The corresponding Christoffel numbers are denoted as λ i , µ j and ν k . Scale parameters h x , h y and h z are introduced in order to fit the different meshes to the size of the actual physical problem. The normalization factor N ijk is defined as
The Lagrange functions F ijk (x, y, z) satisfy the Lagrange property
i.e., they vanish at all points of the three-dimensional mesh, but one. With the volume element (12), they are not orthogonal but the scalar product
with the Gauss-quadrature approximation as δ ii ′ δ jj ′ δ kk ′ . They are thus treated as an orthonormal basis in the method. The kinetic-energy matrix elements are given by
From now on, we consider
The Lagrange functions are used as a variational basis to expand an S-wave trial function,
where σ = 0 in the symmetric case and 1 in the antisymmetric case, and j ≤ i − σ because of the symmetry with respect to the exchange of electrons 1 and 2. The matrix representing the total potential V = V C + V conf is immediately obtained with a triple Gauss quadrature and the Lagrange property (22) as
The variational calculation then reduces to mesh-like equations
Energies and wave functions are obtained from the eigenvalues and eigenvectors of a large sparse symmetric matrix. Mean values of a multiplicative operator O(x, y, z) are simply given at the Gauss approximation by
5 Lagrange mesh for hard confinement
Rescaled perimetric coordinates
In an impenetrable spherical cavity of radius R, the perimetric coordinates are constrained by
Hence the kinetic matrix elements (14) must be rewritten as
The z dependence of the upper bounds of the x and y coordinates is a difficulty for the use of the Lagrange-mesh method.
We thus introduce a new set of coordinates (u, v, w)
Their upper values are indeed
Inversely, one has
The volume element then becomes
The Coulomb potential reads
The integrands in its matrix elements are automatically regularized by the volume element. The kinetic matrix elements become
with
Lagrange mesh and functions
Let us introduce a convenient basis over the [0, 1] interval. Regularized LagrangeLegendre functions are defined by
where the mesh points u i are the zeros of the shifted Legendre polynomial of degree N,
They are associated with the Gauss-Legendre quadrature on the [0, 1] interval. The regularized Lagrange functions (38) correspond to standard Lagrange-Legendre functions [1] , shifted [25] and multiplied by the factor (1 − u)/(1 − u j ), so that they vanish at u = 1. In Ref. [25] on the contrary, they are multiplied by u/u j so that they vanish at u = 0. In Ref. [20] , they are multiplied by both factors simultaneously and vanish at u = 0 and 1. Notice that all these types of regularized functions satisfy the Lagrange conditions (2) but are not orthogonal. Nevertheless they can be treated as orthonormal in Lagrange-mesh calculations without significant loss of accuracy [3, 5] .
The first derivative of a Lagrange-Legendre function (38) at mesh points is given by
Over a three-dimensional mesh (u p , v q , w r ), where u p , v q , w r are solutions of Eq. (39) with possibly different values N u , N v , N w of N, three-dimensional Lagrange functions F ijk (u, v, w) are defined by
These functions satisfy the Lagrange conditions
where λ i , µ j and ν k are now the weights of the Gauss-Legendre quadrature over the [0, 1] interval with N u , N v and N w points, respectively. They are not orthogonal but they are orthonormal at the Gauss-quadrature approximation and are treated as an orthonormal basis in the method,
The kinetic matrix elements are given by
From now on, we take N u = N v = N. An S-wave trial function is expanded as
where σ is defined as above. The potential matrix elements simply read
The Lagrange-mesh equations are
Notice that obtaining energies does not require calculating eigenvalues of a generalized eigenvalue problem since the basis is treated as orthonormal. Mean values of a multiplicative operator O(u, v, w) are given at the Gauss approximation by
Results
All results are presented in atomic units except in Table 7 . An error of a few units may affect the last displayed digit.
Soft confinement
The study of soft confinement is performed in perimetric coordinates using the code of Ref. [17] with two modifications. (i) A confining potential V conf is added to the Coulomb potential; this is a very simple addition in the code since no matrix elements are needed.
(ii) The search of the lowest eigenvalues of the rather scarce Hamiltonian matrix is now performed with the Jacobi-Davidson algorithm [26] . Mean values are calculated with Eq. (27) for the distance r 12 between electrons and for the distances r 1 and r 2 between the electrons and the nucleus. The calculations are performed to provide 12-15 significant figures in the fastest way, when such an accuracy can be reached with reasonable basis sizes. The calculation starts with a search for an optimal domain of the scale parameters h and h z . The significant digits are obtained by comparison between several calculations with different numbers of mesh points. The simplest of the calculations giving the requested accuracy is then kept.
As a first penetrable confinement, we choose like in Ref. [12] the harmonic potential
where ω is a parameter. The convergence for ω = 1 is studied in Table 1 Table 2 : Ground-state energy and mean interparticle distances of a helium atom confined by the harmonic potential (51) as a function of the numbers N and N z of mesh points and the scale parameters h and h z . For small values of ω, the convergence is very similar to the free-atom case. See e.g. Table 1 of Ref. [17] . The Lagrange-mesh results for various ω values are presented in Table 2 . The values for the free atom (ω = 0) have an accuracy of about 10 −13 like in Ref. [17] . A relative accuracy of 10 −12 is already obtained with N = N z = 20. The confinement reduces 2.389 531 the size of the atom when ω increases while increasing its energy. The scale factors for the weakest confinement are inspired by those of a free atom. When ω increases, they progressively decrease. To obtain a constant accuracy (thirteen significant digits), the numbers N and N z can both decrease when the confinement becomes stonger. The present energies confirm the six-digit results of Ref. [12] for ω ≤ 1, up to a possible rounding. Table 4 : Ground-state energy and mean interparticle distances of a helium atom confined by potential (52) As a second potential with a penetrable confinement, we choose like in Ref. [12] 
where V 0 and R are parameters. The convergence is studied in Table 3 for V 0 = 100 and R = 4 as a function of N and N z . Good values of the scale factors are much smaller than for the free atom [17] . Here they are roughly optimized as h = 0.1, h z = 0.15. The convergence is very fast. Good results are already obtained with N = N z = 10. An accuracy of about 14 digits is obtained with N = N z = 20 for the energy and for the mean distances.
The Lagrange-mesh energies and mean distances are displayed in Table 4 for V 0 = 25 and 100 and some values of R. The scale parameters are rather small for R = 1 and must increase with R. The ground-state energy is positive for the smaller R values but the three-body system is nevertheless deeply bound with respect to the asymptotic value 2V 0 of the confinement potential. Hence the wave functions decrease rather fast. Even for R = 10, the properties significantly differ from the free atom. The mean distances are scaled down with respect to the free atom [17] but r 12 and r 1 indicate that the confinement does not change much the shape of the electron distribution. Indeed, the ratio r 12 / r 1 progressively increases from the value 1.45 at strong confinement (R = 1, V 0 = 100) to the free value 1.53. Our results confirm the four-and six-digit energies of Ref. [12] except for their last two digits displayed at R = 4 and 5.
Hard confinement
Now we consider a nucleus confined in an impenetrable sphere. There are no scale parameters as the size is fixed by the radius R. Otherwise, the code for the new coordinate system follows the same philosophy as the previous one. The total mesh size is N T = The convergence of Lagrange-mesh results for the ground state is studied in Table 5 for various values of R, as a function of N and N w . For large R, the convergence is rather slow but it is extremely fast for small R. One obtains 15 significant figures for R = 0.1 and 1 but only 11 for R = 10. The situation is reversed with respect to soft-confinement calculations in perimetric coordinates where larger bases are needed at small R. The results are compared with Refs. [10, 12, 14, 16] . A good agreement with six significant digits is observed for the most recent results.
Energies and mean distances for the ground state are gathered in Table 6 for a number of R values. The energies confirm the six-digit variational energies of Ref. [12] from 0.5 to 10 and Ref. [16] from 1 to 10. The present coordinate system allows a better description of smaller R values. The earlier variational energies of Ref. [10] have an absolute accuracy below 0.001. This reference is the only one to present r 12 mean distances. Their accuracy increases from 10 −4 to 0.002 when R varies from 0.5 to 6. Table 5 : Convergence of the ground-state energy and the mean interparticle distances of a helium atom confined in a sphere of radius R as a function of the numbers N and N w of mesh points and the total mesh size N T . From the radius dependence of the energies E(R), one can deduce the pressure acting on the confined atom [10, 12, 16] ,
The derivative is performed numerically with a 4-point finite-difference formula. The results are presented in Table 7 . As before, the significant digits are estimated by comparison between several calculations differing by the number of mesh points. Only those digits are displayed in Table 7 . The results are presented both in atomic units and in atmospheres (1 a.u. = 2.903 628 236 775 × 10 8 atm). A high accuracy is reached up to R = 2. Beyond that value, the differences between neighboring energies become tiny and the relative error increases. The results are compared with several earlier variational calculations. The pressures of Ref. [10] have a relative accuracy better than 10 −4 at R = 0.5 and still better than 10 −3 up to R = 2. They become quite poor beyond R = 4 as could be expected from the comparison between their variational calculations with different basis sizes. The results of Ref. [12] are consistent with ours for the three displayed digits except at R = 5 and 8. The pressures of Ref. [16] have a relative accuracy varying between 0.001 and 0.006.
Energies and mean distances for the first excited singlet level are presented in Table 8 . Obtaining the same accuracy as for the ground state sometimes requires higher numbers of mesh points. At R = 0.1, the excitation energy exceeds 1000 a.u. For R = 3, 5, 7 and 10, a comparison is possible with Ref. [16] . The six-digits results of Ref. [16] agree with the present ones at the level of 10 −6 . The best variational energies of Ref. [13] have an accuracy around one percent.
Energies and mean distances for the lowest triplet level are gathered in Table 9 . They are obtained from the lowest-energy solution for the spatially antisymmetric state. The numbers of mesh points are very close to those for the ground state. At R = 0.1, the excitation energy reaches about 1500 a.u. The 2 3 S state is thus above the 2 1 S contrary to the free-atom situation as already observed in Ref. [13] . This is probably due to the additional constraint that the wave function must vanish for r 1 = r 2 in a tiny space. The usual ordering is recovered around R = 1 with an excitation energy of about 5 a.u. At all confinements, the triplet state is slightly less extended than the singlet excited state like for the free atom [27] . The best variational energies of Ref. [13] reach an accuracy of abour 10 −4 above R = 1. Below that value the perturbation approach is more accurate; its relative accuracy improves from about 10 −3 at R = 1 to about 10 −4 at R = 0.1.
Concluding remarks
Various types of helium confinement can be accurately treated with the Lagrange-mesh method. They are based on the perimetric coordinates for soft confinements or on a new coordinate system for the hard confinement. The method rapidly leads to a large but sparse symmetric matrix. The eigenvalue problem is not generalized, even with the new coordinate system for which the basis is not orthogonal. This striking property results from the systematic use of the Gauss quadrature associated with the Lagrange basis. This simplifying approximation does not cost accuracy [3, 5] . The present results improve previous works by at least five orders of magnitude for the energies and allow a very accurate calculation of mean interparticle distances. This is obtained with short computer times on a personal computer. The scale parameters given in the present tables allow avoiding a search for their optimal domain of values in future similar calculations. Together with the energies, approximate wave functions are also available. Their high accuracy is confirmed by the high accuracy on the mean values of the coordinates. They are available for other applications.
A serious challenge is the extension of the method to more than three charged particles because a convenient coordinate system, i.e. where the different Coulomb singularities can be regularized, is not available yet. tural Affairs. TRIUMF receives funding via a contribution through the National Research Council Canada.
